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Abstract 

In this paper, we present a formal variational calculus of super functions in one real variable 
and find the conditions for a "matrix differential operator" to be a Hamiltonian superoperator. 
Moreover, we prove that conformal superalgebras are equivalent to certain Hamiltonian super 
operators. 

1 Introduction 

Since 1970s, Lie algebras have played more important and extensive roles in nonlinear 
partial differential equations and theoretical physics than they did before. One of the 
most interesting examples is the birth of the theory of Hamiltonian operators in middle 
1970s, which was a work of Gel'fand, Dikii and Dorfman (cf. [GDil-2], [GDo]). The 
existence of certain Hamiltonian operators associated with a nonlinear evolution equation 
implies its complete integrability. Another interesting example is the theory of vertex 
operator algebras introduced by Borcherds [Bo] (in initial form) and by Frenkel, Lepowsky 
and Meurman [FLM] (in revised form) in middle 1980s, in order to solve the problem of 
the moonshine representation of the Monster group. It is clear now that vertex operator 
algebras are the fundamental algebraic structures in conformal field theory. 

Both Hamiltonian operators and vertex operator algebras are essentially algebraic ob- 
jects with one- variable structure. We observed that there should be a connection between 
Hamiltonian operators and vertex operator algebras many years ago. Kac [Kl] introduced 
a concept of "conformal superalgebra" which is the local structure of a "super conformal 
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algebra" that he and Todorov [KT] studied in middle 1980s. The theory of vertex opera- 
tor superalgebras can be viewed as a restricted representation theory of the Lie algebras 
generated by conformal superalgebras with a Virasoro element (cf. [Kl], [X3]). In this 
paper, we present a formal variational calculus of super functions in one real variable and 
find the conditions for a "matrix differential operator" to be a Hamiltonian superoperator. 
Moreover, we prove that conformal superalgebras are equivalent to certain Hamiltonian 
super operators. 

One of the algebraic structures found in [GDo] appeared in Balinskii and Novikov's 
work [BN] as the local structures of certain Poisson brackets of hydrodynamic type. This 
is essentially a simplest example of our equivalence. 

Daletsky [Dal] introduced a definition of Hamiltonian superoperator associated with 
an abstract complex of a Lie superalgebra. He also estabhshed in [Dal] and [Da2] a formal 
variational calculus over a super-commutative algebra generated by a set of so-called 
"graded symbols" with coefficients in a Grassmann algebra. A deficiency of Daletsky's 
two works is lack of links with the other fields such as mathematical physics. In [XI], 
we introduced a formal variational calculus based on free fermionic fields. Furthermore, 
we establish in [X2] a theory of Hamiltonian supcropcrators of one supcrvariable, which 
is compatible with supcrsymmetric partial differential equations (e.g., cf. [De], [M]). 
Some new algebraic structures were introduced in [X2] in order to classify certain types 
of Hamiltonian superoperators. A connection of our Hamiltonian superoperators of one 
supcrvariable with infinite-dimensional Lie superalgebras was established. Below we shall 
give some technical introduction. 

Throughout this paper, all the vector spaces are assumed over C, the field of complex 
numbers. For two vector spaces Vi and V2, we denote by LM(Vi, V2) the space of linear 
maps from Vi to V2. Moreover, we denote by Z the ring of integers, by N the set of natural 
numbers {0, 1, 2, ...} and by Z2 = Z/2Z the cyclic group of order 2. When the context is 
clear, we use {0, 1} to denote the elements of Z2. We shall also use the following operator 
of taking residue: 

Res^(z") = 5n-i for n e Z. (1.1) 

Furthermore, all the binomials are assumed to be expanded in the nonnegative powers of 

the second variable. 

A conformal superalgebra R = Rq (B Ri is a. Z2-graded C[(?]-module with a Z2-graded 



linear map Y~^{-,z) : R — > LM{R,R[z ]z ) satisfying: 

Y+{du, z) = ^ll^hA for u^R- (1.2) 
dz 

r+(u, z)v = (-l)^^Res,^^^^^^i^^^^^, (1.3) 

z — X 

y+(«, z^)Y\v, Z2) - {-ifY^iv, z,)Y^{u, z,) = Res.^^^^^^^^^^i^^^-^1^ (1.4) 

Z2 — X 

ioT u E Rf, V e Rj. We denote by {R,d,Y'^{-, z)) a conformal superalgebra. When 
Ri — {0}, we simply call R a conformal algebra. 

The above definition is the equivalent generating-function form to that given in [Kl], 
where the author used the component formulae with Y'^{u,z) = X^^o ""W-^"^- 

For any two integers mi, m2, we shall often use the following notion of index throughout 
this paper: 

/ {mi,mi + l,mi + 2, ...,m2} if mi < ms, 

"^^'"^^=10 ifmi>m.. ^^-^^ 

Let (^, [■, ■]) be a Lie superalgebra and let M be a ^-module. For a positive integer 

q, a q-form of Q with values in M is a multi-linear map lu : Q'^ = Q x • • ■ x Q ^ M ior 

which 

for e e Gi and ^e+i e Gj. We denote by c'^{Q,M) the set of g'-forms. Moreover, 
we define a differential d : c«(^, M) c«+^(^, M) by 

^^^(^1,6, -,e.+i) = J](-i)^+^+'^(^^+-^^-)6c^(6, -,e,+i) 



for uj E c^(Q,M) and ^ with /c G l,g+ 1, where the above index "check" means 
deleting the term under it. A g-form u is called closed if duo = 0. 
For any u E M, we define a one-form du by 

duiO = i{u) for e e g. (1.8) 

Let Q be a subspace of c^(^, M) such that dM C il. Suppose that H : Q — > ^ is a linear 
map. We call H Z2- graded if 

H{n) = H(n)o e //(Q)i, where H{n)i = //(Q) Q (1.9) 



Moreover, H is called super skew-symmetric if 

0i(i/02) = -(-irV2 Wi) where H(j)j e H{n)i.. (1.10) 

For a Z2-graded super skew-symmetric linear map H : Q, ^ Q, we define a 2-form cuh 
defined on i7(n) by 

ojhW,, H(t>2) = HH(t>i) for 01, 02 e (1.11) 

We say that a super skew-symmetric Z2-graded linear map H :il ^ Q isa, Hamiltonian 
superoperator if 

(a) the subspace H{Q) of Q forms a subalgebra; 

(b) the form cuh is admissible and dcun = on if(Q). 

The aim of this paper is to establish a connection between conformal superalgebras 
and Hamiltonian supcropcrators. 

In Section 2, wc shall establish a formal variational calculus of super functions in one 
real variable and find the conditions for a "matrix differential operator'' to be a Hamil- 
tonian superoperator. In Section 3, wc shall present some basic properties of conformal 
superalgebras. Section 4 is devoted to the proof of that conformal superalgebras are 
equivalent to certain Hamiltonian super operators. 

2 Variational Calculus of Super Functions 

In this section, we shall present a formal variational calculus of super functions in one real 
variable and find the conditions for a "matrix differential operator" to be a Hamiltonian 
superoperator. 

Let A be a vector space that is not necessary finite-dimensional. Let -F(A) be the 
free associative algebra generated by A. Then the exterior algebra S generated by A is 
isomorphic to 

S = F{A)/{{uv + vu\u,v e A}). (2.1) 
We can identify A with its image in £. Note that 

oo oo 

S^Sq® Si, where So^Y, ^^^^ = ^2.2) 

n=0 n=0 

With respect to the above grading, £ becomes a super-commutative associative algebra, 
that is, 

uv = {-ly^vu for ueSi, V e £j. (2.3) 



For i e Z2, let 

I j e h} (2.4) 



be a set of C°°-functions in a real variable a; with the ranges in £j, where /j is an index 
set. We denote 

^ = ^ forn e N, z e Z„ j e (2.5) 

Let A be the associative subalgebra of the algebra of functions in the real variable x with 
the range in £ generated by 

{V'g^ I n e N, i e Z2, i e h}. (2.6) 

Then ^ = © becomes a super-commutative associative algebra with 

k 

Ai = span • • • V'S \Kn,e N, h G Z2, e £ G ^ = z}. (2.7) 

Prom now on, we treat {V'i,"^} ^ formal variables. Set 



Qi^ { ^ Uij^nd^in) I W£j,n e Ai+i}, g ^Qo + Qi- (2.8) 
Then Q forms a Lie sub-superalgebra of Der A. In fact, its Lie bracket is given by 



tp€.l2, jp&hp, npSN; p=l,2 



^^iji,ni^^("i.) (^^2J2,n2) - (-l)*'*'^^iji,ni(?^(ni) («^2J2,n2))(^y,("2) (2.9) 



for 



^1 = X] ue,j,nd^(n) eQi^, 82= ^ Vij^nd^in) e ^i^- (2-10) 
Moreover, 



^eZ2, je/^, neN ^eZ2, je/^, neN 



^eZ2, je/£,neN 



Lemma 2.1. For 

9= Yl ^i,J,nd^i^^G, (2-12) 

ieZ2, je/j, nGN 

[5, (i/(ia;] = if and only if 



«i,i,n = ( ("m,o), n e N, i e Z2, j e (2.13) 



Proof. By (2.9) and (2.11), we have: 



[d, d/dx] = ^ iue,j,n+i - duej^n/dx)d^(„). 

eeZ2,jeie,n&N ''^ 

So [d, d/dx] = is equivalent to 

ue,j,n+i = £ e Z2, j e /£, n e N, 

which imphes (2.13) by induction on n. □ 
For convenience, we shall use the notion 

K = {u^^j I £ e Z2, j e h} 
for Ui^j e A. Moreover, we define 

Xu + liv^ {Xuij + iiVij \ieZ2, j e le}, 
where uej, v^j e A and X, /i e C. Set 

Oi^ {u^ {uej} I Uij e Ae+i}, Q ^Gq + Qi- 
For any u & Q^, we define 

Then 

[(?^, d/dx] = for M e ^ 
by the above lemma. Moreover, for u e Qi^ and v & Qi^, 

[du, Off] 



J2 {du{d/dxnve,j) - {-iy^''d,^{d/dxnuej))d^,r., 
by (2.20), where 

d{w) = {d{we,j) \eeZ2, j e h} ior deS, we 



Thus we can define a Lie superalgebraic structure on Q by 

[u,v\ = da{v) - {-iy^''d,-{u) for ueg^,, veg^,. 

Next we define variational operators on A: 



Hi,3) 



wliere tlie notion o denotes tlie composition of operators. 
Lemma 2.2. For any u E A, 

5{u) = <(=^ u = (d/dx) (v) + A for some v e A, A e C. 
Proof. First we define an operator: 



Tfien T is a degree operator oi polynomials in {i/jfj}, that is, 



for k, ne G N, G Z2 and je G Jj^. 

Suppose that 6{u) =0 for some u E A. Then 



00 / 

n=0 ^ 



dx J '^V'^"'*^"'' " ^ for i G Z2, j G /j. 



So 



n=l ^ ^ 



Moreover, by the product rule of taking derivative, we have: 

Wi{d/dx){w2) = {d/ dx){wiW2) — {d/dx){wi)w2 for wi,W2 G A, 
which is equivalent to the "integration by parts." Hence 

n=l ^ ' 
/ J \ 



n=l 



d 

dx 



d 



(2) 



n=l 



''^ ^ dx 

dV 



n— 1 



(9 (u+i) (u) 



dx) ^^^^ 



n=l 



by (2.29) and (2.30), where 



EE 



J ^ ^ V dx 

n=l m=0 



n— 1 



d An+m) {U). 



Thus 



T{u) — {d/dx){w) with w — 
Moreover, (2.20) and (2.26) imply 



Set 



Then 



We write 



[T, d/dx] = 0. 



ieZg, je/f, nGN 



^ = ® c. 



+ A with u' eA\ A e C. 
Note that T is invertible on A'^ and w G by (2.32). So 

= {i:u)-\d/dx){w) = (d/dx)[(TUt)-'(^)] 

Therefore 

X, = X,' + A = (d/cix)[(T|^t)-'(w)] + A, 

that is, the second equation in (2.25) holds. 
Suppose that u = {d/dx){v) + A. Then 



E(-£) ^4-^ 

E(-^) 

n=0 ^ ^ ''^ 



(2.31) 



(2.32) 
(2.33) 

(2.34) 
(2.35) 

(2.36) 
(2.37) 

(2.38) 
(2.39) 



OO / , \ n+1 CO / rl \ ^ 

n=0 ^ ^ n=0 ^ ^ 

n=0 ^ ^ n=l ^ ^ 

= 0, (2.40) 

by (2.9) and (2.11). So (2.25) holds. □ 
Now we let 

A = A/{d/dx){A). (2.41) 

We shall use ~ to denote the canonical map from A to A. Moreover, we define an action 
of the Lie superalgebra ^ on ^ by 

it(w) = {da{w)y ior u eg, w e A (2.42) 

(cf. (2.18), (2.19)). This is well defined by Lemma 2.1. Thus A forms a ^-module. Note 
that 

{{d/dx){wi)w2)'^ = —{wi{d/dx){w2))'" for wi,W2EA (2.43) 
by (2.30). Furthermore, 



ior ueG and w G ^ by (2.43). Set 

Q — {u — {uij} e Q I only finite number of Uij ^ 0}. (2-45) 

We identify O with a subspace of the space c^(^. A) of 1-forms of ^ with values in A as 
follows: 

A^) = ( E for e Q, e ^. (2.46) 

Note that (2.44) implies 

d{w) = 6{w) e Q for w e ^ (2.47) 

— * ~ 

(cf. (2.24)). Expression (2.25) shows that S : A^ 0,is & well-defined map. In particular, 

d(A) c n. 



Set 

Q. = Q Pi ^. for i e Z2 (2.48) 

(cf. (2.18)). By (2.45), 

n = no®ni. (2.49) 

Up to this stage, we still have a difficulty to establish the general theory of Hamilto- 
nian superoperators for the family (^,^, Q), due to the difference of the parities of the 
components of the elements in Q and the parity of Q defined in (2.18). As we indicated in 
the introduction, our main purpose of this paper is to give an interpretation of "conformal 
super algebras" by Hamiltonian superoperators. Prom this point of view, we can restrict 
to the smaller even family (Qq, Ao,Qo)- 

Let H : flo ^ Qo he a. linear map as follows: for v E flo, 

meun- E (2-50) 

where 

»is=f:4s,J£f (2-51) 

n=0 ^ ^ 

and 

c^l'^l-n ^ ^ti+e^ o^ly finite number of them are nonzero (2.52) 

for fixed £1,^2 £ ^2 and ji G J^^, j2 G /^j- Such a map H is called a matrix differential 
operator. For u,v & Qq, we have: 

E 4l%,niid/dxy\ve^j^)ue,jX 

ep&2, jpEltp, new, p=l,2 
^p€Z2, jpeltp, n€N; p=l,2 

tpe'&2, jpeiep, neN; p=i,2 
by (2.43). Hence the skew-symmetry of H: 

u(H{v)) = -v(H(u)) for any u,v E Qq, (2.54) 

is equivalent to 

n=0 ^ ^ n=0 ^ ^ 



for £±,£2 e ^2 and ji e Z^^, j2 G le^, where we view a^jjj;^ and a^^j^;^ as the left 
multiphcation operators. 

Suppose that if is a skew-symmetric differential operator of the form (2.50)-(2.52). 
We want to find the condition for if to be a Hamiltonian superoperator. For u & D,q, we 
define a linear d^{H) : Qq ^ Qq hy 

^) K..), (2.56) 

for V & Qq, £1 G Z2 and ji G 1^^. Now for -u, G fio, we have 

[dHiu){H{v))],, 

Jl 

= [a„^(ii)(t?)].,,,+ E 4l%^{d/dxrdHiu){ve,,,) 

= [9„-(ii)(i;)],„,, + [ii9^(„-)(i;)],„,, (2.57) 
Thus 

dHiu){H{v)) = a3(ii)(i;) + HdH^a){v) for il, G Qq- (2.58) 

Suppose that if is a Hamiltonian superoperator. Let Up G VLq with p G 1,3. Then we 
have 

= dH(ui){u3){H{u2)) +U3[dH(ui)iH{u2))] 

= -H2[iia^^(3,)(K3)]+K3[a^(5,)(^^(^^2))] (2.59) 

(cf. (1.11), (2.54)) and 

uh{[H{u,),H{u2)],H{u2)) 
= us{[H{ui),H{u2)]) 
= 'i^3[9/f(3i)(ii(ii2)) - dH(a2){Hiui))] 

= 'ii3[5/f(ni)(-?^(^i2))] -'ii3[9if(S2)(-f^)(^^i)] -'^af-?^^^^^^ (2.60) 



1 1 



by Condition (a) in the abstract definition of Hamiltonian superoperators (cf. below 
(1.11)), (1.11), (2.23), (2.46) and (2.58). Moreover, (1.7), (1.11), (2.54), (2.59) and (2.60) 
imply 

du;H{H{u,),H{u2),H{u-,)) 
= H(u^)u;h{H(u2), H(us)) + H(u2)u;h(H(us), H(u,)) + H{u^)uh{H{u{), H{u2)) 
-uh{[H{ui), H{u2)],H{u3)) - ujh{[H{u2), H{us)],H{ui)) 
-ujh{[H{u^),H{u^)],H{u2)) 

= -U2[HdH{ui){u3)] + U3[dH{rti){H{u2))] - Us[HdH{u2){ui)] 

+Ul[dH(rt2){H{u3))] - Ul[HdH(u3){u2)] + U2[dH(it^)iH{ui))] 

-U3[dH{ui){H{u2))] + U3[dH(u2)iH){ui)] + M3 [if (9/^(^2) (?Ii)] 

-Ul[dH{a2){H{u3))] + Ui[9h{u3){H)u2)] + Ui[HdH{us){u2)] 

-U2[dH(u3){H{ui))] + U2[dH{ui){H){u3)] + MHdH(ui){u^^^ 
= U3[dHia2){H){u,)] + u,[dHiadH)iu2)] + U2[dHiu,){H){u2)] (2.61) 

for ui,U2,U3 e Qq. Hence the closedness of ujh (cf. (1.11)) by the abstract definition of 
Hamiltonian superoperators below (1.11) implies 

U3[dHi,n,){H){U^)\ + U^[dHi,n,){H){u2)\ + U2[dHi,n,){H){u3)\ = (2.62) 

for any ui, U2, U3 e flo- 

Theorem 2.3. A matrix differential operator H of the form (2.50)-(2.52) is a Hamil- 
tonian superoperator if and only if (2.55) and (2.62) hold. 

Proof. By (2.53) and (2.61), we only need to prove that (2.55) and (2.62) imply that 
Hiila) is a subalgebra of Qq. Let Ui,U2.U3 G flo. Note that 

Hiu,)u;HiHiu2),H{u-,)) 

= H{U^){U3{H{U2)) 

= dH{ui){u3{H{u2)) 

= dH{ui){u3){H{u2)) + U3{dH{ui){H{u2))) 

= dH{ui){u3){H{u2)) + U3{dH{ux){H){u2)) + U3{H 8 h {u-{){u2)) 

= dH{ui){u3){H{u2)) + U3{dH(n^){H){u2)) - (^2) (if (^3)) (2.63) 



by (1.11), (2.54) and (2.58). Exchanging indices 2 and 3, we have 

H{ui)ujh{H{u^),H{u2)) 
= dH{s,){u2){H{u^)) + MMn.){H){u^)) - dHiu-i){'>^3){H{u2)). (2.64) 

Furthermore, 

H(u,)u;h{H{u2), H(us)) = -H(u,)u;h(H(us), H{u2)) (2.65) 
by (1.11) and (2.54). Thus 

dHiui){u3){H{u2)) + U3{dH{^,)iH){u2)) - <9^^(„i) (w^) (^^(^3)) 
= -dH{ui){^2){H{u3)) - U2{dH{ui){H){u3)) + dH{u{){u?i){H{u2)), (2.66) 

equivalently, 

U3{dHiu,){H){u2)) = -U2{dHiu,){H){us)). (2.67) 

Hence 

Us{[H{u,),H{u2)]) 

= U3{dH(ui){H{u2)) - dH{u^){H{ui))) 

= U3[dH{ui)iH){u2) + HdH{ui){u2) - dH{u2){H){ui) - HdH{u2){ui)] 

= U3[H{dH(ui)iu2) - <9h(«2)(Mi))] + U3[dH(ui)iH){u2)] - iTg [(9h(«2) (i^") (Wl)] 

= U3[H{dH(rti){u2) - dH{u2){ui))] - U2[9h{ui){H){u3)] - U3[dH{u2){H){ui)] 

= U3[H{dH{u^){u2) - dH{n2){ui))\ + Ui[dH{u:,){H){u2)\ 

= U3[H{dH{ui){u2) - dH{u2){ui) + w)], (2.68) 
by (2.23), (2.58), (2.62) and (2.67), where we have used the fact 

Ui[dH{u^){.H){u2)] 

J2 [(d/dxnH(u3)esJs)d^C;^^^ («fc&n.)(^/^^)"^«jj<jj^ 

ep&2, jpehp-, pel,3; m,neN 

J2 {H{u3)t,,A-d/dxT[d («J^£;n.)(^/^^)"^«jJ<jJ}~ 

tp&2, jpeltp-, p€l,3; m,neN 

= U3{H{w)) (2.69) 
with 

J3 = - E (-ci/cia;)"[a^(„) ^ (a|;^:^^^) (ci/rfa;)™(«,2^,,.J<,,.J (2.70) 

ip&2, jpeiep-, p=i,2- m,nef^ 



by (2.43), (2.54) and (2.56) with ui — {ulj} and U2 — {ujj}- Since us is arbitrary, we 
obtain 

[H{u^),H{u2)] = H{dHiu,){n2) - dHiu,)iui) + w). (2.71) 
Therefore, H[Qo) forms a Lie subalgebra of ^. □ 

We set 

A^J^CV-ijCA >C = £o®A. (2.72) 

3 eh 

Below we shall give two simplest examples of Hamiltonian superoperators of the form 
(2.50)-(2.52). 



Example 2.1. Let ko,ki e N. For i e Z2, let {(•, | m e 0,ki} be a family of 
C-bilinear forms on Ci such that 

{u,v)i,m = {-iy+'+'''{v,u),,^ for u,ve U (2.73) 

We define the map H : Qq ^ hy 

dx) ^^'^^^ 

for u & Qq, i E 1^2, ji ^ h- Then H \s a. Hamiltonian superoperator by the above theorem 
(cf. (2.55)). 

Example 2.2. Let if : Qq ^ ^0 be a hnear map defined by (2.50) with 

= E Km^^^m for ^, e Z„ J, e (2.75) 

where ^f^j-^.e,^j^ € C. Then (2.55) is equivalent to 

K,n^^,,n = -i-^)''''^,n^eun fo^ ^ h ^ h,^ ^ e (2.76) 
Moreover, 

ip€Z2, jp^hp', pel, 3; j4GJ€i+^3, j5e/£j^+^2+*3 

V'£l+£2+^3,i5wLi2«Lil"lj3' (2-77) 

where Up — {wfj}- Thus (2.62) is equivalent to 

»= E 

tv&i, jp^itp; pei,3; jseitj^+e^+ts 
[ E -^^3 J3;^i,ii -^4+^3,i4;«2,i2^^i+^2+€3 j5«Li2"Lii"Li3 



+ ,jl ,32 ^fl+t2 ,34 ;^3 ,33 +^2+^3 ,35 '^X ,33 '^h ,32 '^h ,jl 

3A&I 1-^+^2 

+ XI '^^2j2;«3j3'^^2+^3j4;^lJl'^^l+^2+^3J5'"]lJl'"lj3'"lj2]' (^-^S) 

equivalently 

E\H \35 I ( _^\{il+i2)e3 \^ \34 \j5 

'^t3,33;ti,3ih+h,H;i2,32 ^ \ ^) ^^iji;^2j2^^i+€2,i4;€3,i3 

+ (_1)(^.+^3K2 ^ K,32,3,33>^U,34,.,3.-^- (2-79) 
j4eJ<2+^3 

We define an algebraic operation [•, •] on C by 

['0^1J1,'0^2J2] = XI ^^?J1;^2J2 "^^1+^2,^3 (2-80) 
j3 6/^1+^2 

for £p e Z2 and jp e I^^. Expression (2.76) is equivalent to the super skew-symmetry of 
[•, •]. Multiplying (2.79) by ■0£i+£2+^3j3 ^-^d taking summation on e 7^j+^2+^3) we obtain 

[[^^€3,^3, ^^2^2] + {-^f'^^^^Hi^h,h^^t2,32l^t3,33] 

+ (-l)^'^+'^^'n[V'.2,.2,V'.3j3],V'..jJ = (2.81) 

for £p G Z2 and jp G J^^. So (2.79) implies the Jacobi identity for (£, [•,•]). Conversely, 
(2.81) implies (2.79) which is equivalent (2.62). 

Therefore, an operator H of the form (2.75) is a Hamiltonian superoperator if and 
only if the algebra (£, [•, •]) defined by (2.72) and (2.80) forms a Lie superalgebra. 

Let Hi and H2 be matrix differential operators of the form (2.50)-(2.52). If \Hi + 11H2 
is Hamiltonian for any A,/i G C, then we call {Hi,H2) a Hamiltonian pair. For any two 
matrix differential operators Hi and H2, we define the Schouten-Nijenhuis super-bracket 
[Hi,H2] : nl^Aohy 

[Hi,H2]{Ui,U2,U.) 
= Uz[dH^^U2){H2){Ul)\ + Ui[dH^(a3){H2){u2)] + M2[5i?i(«i)(-ff2)(M2)] 

^3[9i/2{«2)(^l)(^^l)] + Ui[dH,iu,){Hi){u2)] + ir2[9^2{«i)(^i)(^^2)] (2.82) 
for Up ^VLq. 

Corollary 2.4. Matrix differential operators Hi and H2 forms a Hamiltonian pair if 

and only if they satisfy (2.55) and 

[//i,//i] = 0, [//2,i/2]=0, [//i,i/2] = 0. (2.83) 



Example 2.3. Let Hi be the Hamiltonian superoperator in Example 2.1 with kg — 
ki — and redenote 

{■,-)i^{;-)i,o ieZ2. (2.84) 

Let H2 be the Hamiltonian superoperator in Example 2.2. So {Hi,H2) forms a Hamilto- 
nian pair if and only if [Hi, H2] = 0, which is equivalent to: 

+ Yl '^^2j2;«3j3(^^l.i4,V'^lJl)€i<ji^tL,3<j2 (2-85) 

for Up — {u^j} e f^o- Moreover, (2.85) is equivalent to 

0=5^ ^€3j3AJl(^^2J4,V'^2j2)^2 + (-l)'' ^'^^ Ji (^^^3 J4 , ^^^3 J3 )€3 

+ (-1)^' ^^2J2;«3j3(V'^l.J4,V'^lJl)^l = {bP£3,h,'^h,h],'^h,h)i2 

+{-^YHbPeuh,'4^h,j2],'4^es,js)e3 + {-'^Y'{bPh,j2,'4^e3,h],'4'h,h)h, (2-86) 
equivalently, 

([V'£3j3> V'^lJl], ^^2^2)^2 + (-l)^'([^^ljl, V'^2j2], ^'£3^3)^3 

+{-'^YH[^i2j2,^esJs],^iunh. = (2.87) 

for ip G Z2 with £1 + £2 + ^3 = and jp G /p. We define C to be the one- dimensional 
trivial module of (£, [•,•]), that is, 

e(/x) = for e e £, /X e C. (2.88) 

Furthermore, we define a 2-form u; e c^(>C, C) by 

lli{u,v) = Si^^i^{u,v)i^ for ii,i2 e Z2, u e Ci^, v e Ci^ (2.89) 

(cf. (1.6)). The expression (2.87) is equivalent to that a; is a closed 2-form (cf. (1.7)). 
Thus when {Hi,H2) forms a Hamiltonian pair, we have the following one-dimensional 
central extension {£., [•,•]) of the Lie superalgebra {C, [•,•]): 

Co^J^o + CgA, Ci^Ci, £ = £o + A (2.90) 



1 c 



[ui + 111, U2 + At2] = [lii, 1*2] + oj{ui, U2) for ui, U2 e £, //I, //2 e C (2.91) 



Remark 2.5. (a) In Sections 3 and 4 of [XI], wc have given a theory with Jq = 
and define Hamiltonian superoperators for {Q,VL,A). In particular, we are able to 
define another type of Hamiltonian superoperators, which we called "odd Hamiltonian 
superoperators." 

(b) In the theory of evolution differential equations, our functions {V'ij} should be in 
a time variable and a space variable. However, the structures of Hamiltonian operators 
associated with integrable evolution differential equations are independent of the time 
variable. Let if be a Hamiltonian operator of the form (2.50)-(2.52). The Hamiltonian 
of a physical system is a special function L in 

{^lj(a;,t) |zeZ2, J e/i, neN}, (2.92) 

which is a qudratic polynomial in many interesting cases. The operator H is called a 
Hamiltonian superoperator of the system if the system is determined by the following 
system of partial differential equations: 

ii^eun)t- E KP(i^,j^)(^ (2-93) 

for ii e Z2 and ji e I^, (cf. (2.24) for ^(^^Ja))- 

The well-known Korteweg-de Vries (KdV) equation is 

ut = Uxxx + ^uux, (2.94) 

where u{x,t) is a two-variable function. The Hamiltonian operator associated to this 
equation is 

H^dl + Aud^ + 2ii^ (2.95) 
with L — /2 (cf. [GDil]). The operator H is equivalent to 

in terms the notions in this section when /i = and Iq — {!}. 

3 Properties of Conformal Superalgebras 

In this section, we shall present some basic properties of conformal superalgebras. 

1 <-7 



For a vector space V, we set 

V[[z-\ z]] = {^^ anz^-'' I an G V}. (3.1) 

Moreover, for g e C[[2;~^;2;]] and f{z) e ^[[-2^^^; -2^]] such that the usual multiphcation 
g{z)f{z) make sense, we have 

= -ResJ'-^fU)). (3.2) 



Proposition 3.1. Let R — Rq ® Ri he a 'L'^-graded 'C[d]-module and let V he a 
7^2- graded suhspace of R such that 

R = ¥[d]V. (3.3) 

Suppose that a linear map Y^{-, z) : R ^ LM{R, R[z~^]z~^) satisfies (1.1) and (1.2) and 

dY+{u, z) - Y+(u, z)d = Y+{du, z) for u e R. (3.4) 

Then the family {R, d, Y~^{-, z)) forms a conformal superalgebra if only if (1.3) and (I.4) 
acting on V hold for u,v & V. 

Proof. Suppose that (1.2) and (1.3) acting on V hold for u,v eV. Let 

u = f{d)u, V = g{d)v with u e Vi„ V e Vi„ f{d),g{d) e ¥[d]. (3.5) 

We shall prove (1.3) and (1.4) for such u and v by induction on d{f, g) = degZ + deg^f. The 
statement holds when d{f, g) = hj assumption. Assume that it holds for d{f, g) < k 
for some k G N. 

Let ti, v be any two elements of R of the form (3.5) with d{f,g) = k. We have: 

Y'^{du, z)v 
dY+(du,z)v 
dz 

^ Vl)--Res^^'^"("'-")" 



dz \ z — X 

[z — xY 

= -{-iy''^Res^e''^Y+{v,-x)ud^{^j^ 



X 



dx \z — X 



1 



z — X 



= {-iy^'^Res^e'^{dY+{v, -x) + dY{v, -x) /dx)u 
= {-lY^'^Res^e'^{dY+{v, -x) - dY{v, -x)/d{-x))u [jz^ 
= (-l)^i^2Res^e^^(ar+(v, -x) - Y{dv, -x))u 



1 

— x 

= (-1)--Res.^!!^:^^l^ (3.6) 

by (1.1), (3.2) and (3.4); 

Y^{u, z)dv 
— dY^{u,z)v — Y'^{du,z)v 

= (-1)--Res.^^^^^^>l^ - (-l)--Res.^^^^^^^^^^^ 

z — X z — X 

( l)^^^^RcG,, ^''^^^^^^^' ~ -x)du) 
^ z — X 

= (-1)--Res.^!!^:ii^^^ (3.7) 

z — X 

by (1.1) and (3.4). Hence (1.3) holds for d{f,g) = k + 1. So (1.3) holds for u,v e Rhj 
induction. Moreover, acting on V, 



Y+{du,zi)Y+{v,Z2) - {-iy'''Y+{v,Z2)Y+{du,zi) 
= d,,{Y+{u,z,)Y+{v,Z2) - {-iy'''Y+{v,Z2)Y+{u,zi)) 
= ajRes.^^"^^'^-^)^'^)~ 



Res 



Z2- X 

Y+{d,,{Y+{u,zi-x))v,x) 



X 

Z2 — X 

y+((dy+(^, - x)/d{z^ - x))v, x) 

Z2- X 

= ^,,ny^idu,z,-x)v,x) 

Z2-X 

by (1.1) and (1.4); 

Y+{u,zi)Y+{dv,Z2) - {~lY''"'Y+{dv,Z2)Y+{u,zi) 
= d,,{Y+{u,z^)Y+{v,Z2) - {-ir'^Y+{v,Z2)Y+{u,z^)) 
= fRes /^^^^^-'— 



;2;2 - a; 
Y^{Y^{u, zi — x)v, x) 



— ReSj; 

(2:2 - x)^ 



= -ReSj;F+(F+(ti,^i -x)v,x)5j; ( — - — ) 

\Z2 - X J 



= ResA{Y+{Y+{u, zi - x)v, x)) ( 

\Z2 — X / 

Y~^(dY~^(u, z\ — x)v, x) — Y^{Y~^{du, z\ — x)v, x) 



— ReSj 



Res, 



= Res. 



Z2- X 

zi — x) — Y^{du, zi — x))v, x) 

Z2- X 

Y+{Y+{u,zi-x)dv,x) 



(3.9) 

Z2- X 

by (1.1), (3.2) and (3.4). Thus (1.4) acting on V holds for d{f,g) ^ k + 1. Therefore, 
(1.4) acting on V holds for u,v E Rhy induction. 

Suppose that (1.4) holds for u E Ri and v e Rj when it acts on some w E R. Then 
we have 

[d, Y+{u, zi)Y+{v, Z2) - {-lfY+{v, Z2)Y+{u, z^)]w 
= {[d,Y+{u,z,)\Y+{v,Z2) - {-lfY^{v,Z2)[d,Y+{u,z^)\ 

+Y+{u,Zr)[d,Y+{v,Z2)] - {-ir[d,Y+{v,Z2)]Y+{u,z^)}w 
= {d,,+d,,)[Y^{u,zi)Y+{v,Z2) - {-ir'Y^{v,Z2)Y+{u,z,)]w 
= Res3;(a^i +9^2) 



Y^{Y^{u, zi — x)v, x)w 



— Res, 



Z2 — X 

dz^{Y~^{Y~^{u, Zi — x)v, x))w 

Z2 — X 



+ReSa;F^(F^(M, zi — x)v, x)wdz. 



Z2-X 



— Res, 



52j(y"'"(y "•"(«, z\ — x)v, x))w 



Z2- X 



—ReSxY'^(Y'^(u,zi — x)v,x)wdx ( — ^ — ) 

\Z2 - Xj 

(5.1 + dx){Y+{Y+{u, zi - x)v, x))w 



— Res 



Res^ 



Res, 



Z2- X 

Y~^{dY'^{u, Zi — x)v, x)w 

Z2- X 

[d, F+(F+(it, Zi — x)v, x)]w 



d, ReSj; 



Z2-X 

Y^{Y^{u, zi — x)v, x) 

Z2- X 



w 



(3.10) 



by (1.1), (3.2), and (3.4). Thus (1.4) holds when it acts on dw. So it holds when it acts 
on the F[(9]-submodule generated by V, which is equal to R by (3.3). Therefore, (1.4) 
holds and {R, d, Y~^{-, z)) forms a conformal superalgebra. 

Conversely if (i?, 9, 1^ "*"(-, z)) forms a conformal superalgebra, obviously (1.3) and (1.4) 
acting on V hold ior u,v E V. □ 



u 



Remcirk 3.2. Kac [Kl] proved the above proposition by an indirect and relatively 
complicated method. 

Proposition 3.3. Let R be a Z2- graded space and let Y^{-, z) : R ^ LM{R, R[z~^]z~^) 
be a linear map satisfying (l-l). Then Expressions (1-2) and (1-3) imply (3.4)- 

Proof. For u G Ri^ and v G Ri^, we have 
z — X 

— Y~^{du,z)v 

dz z — X 

2; — a; 

= -(-i)'.'.R.s /^''f' 

(2; — ,t)^ 

^ _(_l)n^2Res,a, (^) ^"''^^(^' 
= (-l)'l*2Res^-^aa;(e^^r+(^;,-a;)M) 
= {-iy''mes^^—[e''^{dY+{v, -x) - dY+{v, -x)/d{-x))u 

= (_rf,>,^f(SY^^^-}-y^iSv,-.^)- (3.11) 

2; — a; 

by (3.2), (1.1) and (1.3). Hence 



u 



e,^d\QY+{v, -x) - Y+{v, -x)d - Y-^{dv, -x)] 



u 



Res^ — ^ — ^ = 0. (3.12) 

z — X 

Since 

[dY+{v, -x) - Y+{v, -x)d - Y+{dv, -x)]u G R[x-^]x-^, (3.13) 

we can prove 

[dY+{v, -x) - Y+{v, -x)d - Y+{dv, -x)]u = (3.14) 
by induction on the degree of z starting with the minimal degree. Thus we have 

dY+{v, -x) - Y+{v, -x)d = Y+{dv, -x) (3.15) 

because u is arbitrary. So (3.4) holds. □ 



Proposition 3.4. LetR be a 1,2- graded space and letY^{-, z) : LM{R, R[z~^]z~^) 
he a linear map satisfying (1.1)-(1.3). Then Expressions (1-4) is symmetric with respect 
to {u, Zi) and {v, ^2). 

Proof. It is enough to prove that the right-hand side of (1.4) is supersymmetric with 
respect to {u, Zi) and {v, z^). For u e Ri^ and v e Ri^, we note that 

Y^{Y^{u, Zi — x)v, x) 



Res-, 



= (-l)*^^^Res,,, 
= (-l)'^^^Res,,^ 



Z2 - X 

Y+(ey^Y+{v,-y)u, x) 



{z2 - x){zi -x-y) 
ey^-{Y^{Y+{v,-y)u,x)) 



{z2 - x){zi - x-y) 

{-iy''mes,,yY+{Y+{v, -y)u,x)e-y'^ (- ^ ^ 

V(^2 - x){zi - X-y) 

{-iy^'-Res,,yY+{Y+{v, -y)u,x)- ^ 

[z2-x + y){zi -x) 

-{-iy'''Kes,,yY+{Y+{v, -y)u,x) ^ 



{-Z2 + x-y){zx- x) 

= -(-l)-^--Res /''^'^^^"^-"^"'"^ (3.16) 

(2:1 - x) 

by (1.1)-(1.3), (3.2) and (3.4). □ 

4 Equivalence Theorem 

In this section, we shall prove that conformal superalgebras are equivalent to certain linear 
Hamiltonian superoperators. 

Let i? be a Z2-graded free C[(9]-module over its Z2-graded subspace V and let V^(-, z) : 
V — >• LM{V, R[z~^]z~^) be a linear map such that 

Y+{V,,,z)V,, C R,,+,,[z-']z-' for i,,i2 E Z2. (4.1) 

We can first extend Y+(-, z) to a linear map Y+(-, z) : R ^ LM{V, R[z''^]z'^) by 

Y+{f{d)u, z)v = f{d/dz)Y+{u, z)v for u,v eV. (4.2) 

Then we extend '*'(•, z) to a linear map F+(-, z) : R —>■ LM{R, R[z~^]z~^) by 

m 

Y+{u, z)d"'v = 2]](™)a'"-fF+((-a)^'M, z)v hr ue R, V eV, men. (4.3) 

p=0 



00 



Note the map Y~^{-,z) naturally satisfies (1.1), (1.2) and (3.4). Thus if Y~^{-,z) satisfies 
(1.3) and (1.4) acting on V for u,v eV, then {R, Y'^{-, z)) forms a conformal superalgebra 
with the extended map Y'^{-, z) by Proposition 3.1 

Let {q^j e /j} be a fixed basis of for i e Z2, where /i and I2 are index sets. We 
write 

for li,l2 e ^2 and jp E Ii^, where ^f-^^j'^^j^ G C. Now (1.3) is equivalent to 

'^ii,3r/2,h" ^^l+^2j3^ 
= ^^(^^lJl,^)^"^2,j2 

= (-l)^i^2Res,^^^^;^^^^^^^^^l^^i^ 

2; — a; 

= (-l)^^^^Res.^( A---,^.^e^^a%,^,,,3(-^)-"^-^) 

- (-1) 2^ — \,j2-A,nO ^e^+e^jsZ 

(_1 \m+p 

- -{-^) 2^ T] ^i2,j2;iujl ^ ^4+€2j3^ 

jae/fj+^j, m,n,peN 

- ( 1 "l^i^a \^ V ^ \Ti,'rn+n~p,ppm „-m-l c\ 

- -i-^) 1^ ^^y/'e2j2-A,n ^ ^^i+^2j3^ (4.5) 
for £p e Z2 and e Ip, where we treat 

^M2 = if m < orn < 0. (4.6) 
Expression (4.5) shows that (1.3) is equivalent to 

\j-A,n,m _ _(_-\\iii2 ST^ V \j3,'m+n-p,p /, y\ 

^4,ii;€2,i2 - ^> rp_^y/'h,j2-AJi ^^-'^ 

p=m ^ ' 

for £5 e Z2, e /j^ and m, 7i G N. Next we want to find the condition for (1.4). Observe 
that 

y+(^,„,„^i)y+(Q 

2J2) ^2)^3,^3 

= ^^(QiJI) ^l)( '^^2j2;Cj3'^"^^^2+^3J4^2 ""^ ^) 

j4eJ^2+^3' "^2,n2eN 

j4e-f^2+*3' '"2,n2€N 



00 



E r/)(mi + l)(mi + 2)---(mi+p) 

\j4,n2,m2 \j3,ni,mi rjni+n2-p^ -mi—p-l -m2-l 

E rT'"'')^iK-i)---K-p + i) 

i4G/<2+''3' ■?'5^-'^'^l+<^2+^3' P'™'l''*l'"^2,n2eN 

Exchanging indices 1 and 2 in (4.8) and then ni and n2, we have 

^"^(^^2,^2) ^2)^'^(?£i,ii, ^O^sJa 

J] ("^-^^+f)m2(m2-l)---(m2-p+l) 

j4e-f<j+f3, i5e/<j+£2+«3' P''"i'™2,ni,n2eN 

\ j4,ni-"2+P,mi \ i5,«2,m2-p f)"!^ ^-m-i -1 ^-"i2-l 

'^h,3r,h,33 '^e2,j2-A+h,j4'^ "^11+12+13.^^1 ^2 

J] ("^-^^+^)m2(m2 - 1) • • • (m2 - p + 1) 

j4e/^^+^3, j5G/^j+^2+<3' P'"^l'"^2,ni,n2eN 

\ j4,n2-ni+P,mi \ j5,«l,nJ2-p ^"2^ ^-mi-l^-m2-l M Q") 

'^^iJi;^3,j3 '^^2j2;^i+^3j4'^ '-ti+i^+h.h^i ^2 , I4.yj 
Moreover, we have 

Z2- X 

= Res.^( E Ag;™.^(d-y+(,,,+,2j4,^)^.3j3/rf^'^^)(^i-^)-^^ 
j4e/^i+f2. mi,nieN 

— Roc \ " i,j4,ni,mi \j5,n2,m2 

- nes^^^_^{ ^ii,h-M,j2^h+t2,u;i3,33 

j4,&hi+e2' 35&hi+e2+i3^ mi,m2,n2,nieN 

+ l)(m2 + 2) • • • (m2 + ni)a"^Q,+,2+€3j5^""^^""^"'(^i - 2:)"'"^-^) 

E\j4,ni,mi \j&,n2,m2 
'^^Iji;^2,j2'^^l+^2J4;^3J3 

j4e/i J +^2 , js 1 +^2+% ' '"I '"^2 ,n2 ,ni eN 

m2+ni 

(-l)-(m2 + l)(m2 + 2) • • • (m2 + nOa-,,,+,2+4j5 E ^ 
E (-irK+p)---(m2+p-ni + l)(7) 

-1 j4,ni,mi-p ^ j5,n2,m2+p-ni on2^ „-mi-l„-m2-l -i 

^^l,ji;^2,j2 ^^1+^2J4;^3J3 ^^l+«2+€3j5^1 ^2 " l^.iUj 



Thus (1.4) is equivalent to: 

Y: r-'rnM^i - 1) • • • (m, - p + i)A^:-^-"^^A---- ^ 

_(_l)£i€2 J2 ("2-;5i+f)m2(m2-l)---(m2-p+l) 

i4ei'^^+^3, p.niGN 
\j4,n2-ni+p,mi \j5,ni,m2-p 

(-ir(^2+p)---(m2+p-ni + l)(7) 

\ J4,ni,mi-p \ J6,n2,m2+p-ni ^'/l 1 1 

for £s G Z2, G and mi,m2,n2 G N. 

Next we shall use the settings in Section 2. Recall that the definition of the exterior 
algebra £ in (2.1) and (2.2), and {V^jj | j G Jj} is a set of C°°-functions in a real variable 
X with the ranges in for i G Z2. We defined ■(/'I"'' in (2.5) and defined A to be 
the associative subalgebra of the algebra of functions in the real variable x with the 
range in S generated by {V'lj^ | n G N, i G Z2, j G /j} with the Z2-grading in (2.7). 
Moreover, we defined Q in (2.16)-(2.18) and its Lie bracket was given by (2.23). We set 
A — A/{d/dx){A) and defined an action of ^ on ^ in (2.42). The space Q, was defined 
in (2.45) and (2.46). 

We associate the above data {R,V,Y^{-,z)) with a matrix differential operator H : 
flo ^ Qo ets follows: for v & Qq, 

meu. - E ^>^J^k^.^^i.. (i) " (-^...) (4-12) 

e2e2.2,j2eii2,j3eii^+i2,m,nen ^ ^ 

for £1 G Z2 and ji G li^. By (2.55), the skew-symmetry (2.54) of H is equivalent to 

El \ j3,n,m. An) i ^ \ 

~\^t2,h\il,h^tlU2,h \dxj 

— -(-^V^^2 J_y3,n,m f d_\ , (n) 

^ ^> ^\/'il,jv/2,j2 I ^^1 ^^1+^2 J3 

j3e/^^+^2, "»>"eN 

— ( \^ \j3,n,m / i \m \^/m\./,(m+n-p) / " \ 

— y ^) ;;^'^^iji;«2j2i> -^^ 2^yp)^ti+i2,jz 



j3€-f^^+f2: "^:"eN p=0 

— ( — ^Vii^ \^ ( P\ \j3,n,p .dn+p-m) f _d_ 



— f — '\Vi^2 ( r P\\j3,m+n-p,pj^(n) f ^ \ 

y ^) p\ ym)'^ii,jv,i2,j2 ^tl+l2,33 \(ixj 

33&Ii^+t2,m,n,p& 



- _f_l^^l^2 V ^ xri,m+n-p,p i(n) f d\ 

- ^ ^) 2^ m\ip-m)\ '^'^'-''^'^^ ^'^^'^'^Adx ' ^ > 

which is equivalent to (4.7). Thus the skew-symmetry of H is equivalent to (1.3). 

For convenience, we denote 

(n) { id/dxYiu) if n G N, „ . /^-,^\ 

^(nj ^ ) yi ' y ' ' for e ^. (4.14) 

[ U otherwise 
Let Up — {u^j} e Q,Q with p e 1, 3. Using (4.6) and (4.14), we have 

Uz{dH{ui){H){u2)) 

E 



mi!m2! 

'^i2j2\t3j3'^hJi;h+i3jAl^£l+h+i3j5y^h,jl> \ ^^^^2) ^^SJs/ 

^peZ2, jp^hp, mi,m2,np&i\ pel,3; 746/^2+%' ■?5G-f^i+«2+'!3 

\ji,n2,m2 \j5,ni,mi r , (ni+na) / 1 x (rm+nj-na) /.,2 ^(m2),,3 x~ 

'^i2,j2;i3,j3'^ei,ji;e2+e3,jA^il+i2+£3,h y^h,h) \^t2,j2) ^4J3-I 

y ^ ( ) 

^peZ2, jp^hp, mi,m2,np6N; pel,3; j4GJ€2+«3' ^se/^^+^j+^g 

\J4,n2,m2 \j5,ni,mi /^/.("s) / I \{Tni+ni+n2~n3) (.,2 \(m2).,3 l'- 

'^t2,j2;t3,j3'^h,h-M+i3,H t-^^1+^2+^3 JS V^^ljl J l^^2j2 ^ ^4 Js J 

^ ( "2 ) 

m2!(mi + 713-711 -712)!^"^""^^ 

tp&'z, iv'^hp, mi,m2,npeN; p6l,3; i4G/^2+'^3' •?5^-'^'^i+<2+'^; 



\j4,n2,m2 \i5,ni,mi+n3-ni-n2 1-/(13) / I \(mi)/ 2 \(m2)„,3 T~ (A\^\ 

'^t2,32;t3,03'^h,h;h+i3,j4 \y^il+i2+i3,hy^hjl) '^"^2,i2^ "^3,i3/ K"^-^^) 

by (2.19), (2.56) and (4.12). Similarly, we have 

ui{dH{u2){H){us)) 
= -U3{9h{u2){H){ui)) 

V ( ) 

(m2 + 7l3-n2-7li)!7ni!^"3-"^^ 

mi,m2,ipGN; pGl,3; J4G/^^-f£2, j5G/^^-f£2+^3 

)^j4,ni,mi \i5,n2,m2+n3-ni-n2 r_/,(?i3) / 2 ^(^n2)/'„,l A(mi),,3 X~ 

'^^lJi;^3J3'^^2J2 1^1+^3, J4 1-'^^l+^2+^3J5'^"^2J2^ "^3,i3J 

E|'_1^^1^2 + l 
_ mi\{m2 + n^-n2-ni)V'''-''^' 

tp&2, jp&Itp, mi,m2,np6N; pel,3; jieli^+t^, jz^It^+i^+t^ 

)^j4,ni,mi X j5,n2,m2+n3-m-n2 r / (h3) / I ^("^l)/',,2 ^(m2),,3 I'- /'4 1 fi'l 

'^4Ji;«3j3'^^2j2;^l+^3j4 l^^l+€2+^3j6V^^l,jJ V^€2j2^ ^€3^3-1 V^-^"^) 



by (2.18), (2.48) and (2.67). Now we assume that H is skew-symmetric. Furthermore, 



U2{9h{u3){H){Ui)) 



^ mi! 

^j;Si{««(»)(<:k,«)(''L,)'"''''liJ~ 

y — 

^ mi! 

A^.:S2{(^(^3)..+.3.-j^"^H<,j^"^^^<,2}~ 

^ mi! 

^'.:;;x2{^(^3)..+.3..[(<,,j^"^^<,,2]^"^^}^ 

mi!m2! 

l-P&'2, jv&hp\ pel, 3; j4e/(?j^+£2: mi,m2,ni,n2eN 

3^i4,ni,mi xi5,n2,m2 r,/,("2) r/ 1 Umi) 2 ](m2+ni) 3 1~ 

'^4ji;€2j2'^^l+^2j4;^3j3 1-^4+^2+^3^6 J «£2j2J ^4^3 -» 

f—l V"l+1 

E V ^ /m2+ni \ 

_ mjma! ^ ' 

jp&hp, mi,m2,np€'N; pGl,3; ^46/^1+^2 

>i4,ni,mi xi5,n2,m.2 Xw/^^^ ('i/l \{ini+m2+ni-n3) („,2 \{n3)„,3 1- 

1 ,il ;^ 2 ,i2 1 +^2 ,i4 ;^3 J3 t '^^^1+^2 +^3 J5 1 j' J "^2 J2 ^ "^3 JS J 

Ef — l 'I'll + l 
V / (ni+n3\ 
_ mjns! ^ ' 

£peZ2, jp^Itp, mi,m2,npeN; pel,3; j4elei+e2 

^ji,ni,mi \j5,n2,n3 ^I.M \{mi+ni+n3-m2) ( .,2 Um2).,3 \~ 

^^^l Ji;€2j2'^^l+^2j4;^3 j3^«l+^2+^3 J5 '^^^l J J ^^^2 J2^ ^^3,j3/ 

V -^/l (ni+n2\ 

_ miW 

£p&2, jp&Iip, mi,m2,npeN; pGl,3; jiGlt-^+e^ 



xj4,ni,mi \jB,n3,n2 J^/A^s) / I \(mi+ni+n2-m2) /'„,2 N(m2)„,3 X~ 

J'l ;^2 J2 "^h +i2 ,33 t ^ei+e2 +i3 J5 1 J J "^2 J2 ^ "^3 J3 / 

Ef — I 1»^1+1 
V / rni+n2\ 
_ n2!(mi + m2 -ni -n2)! ""^ 

ipel.2, jp^hp, mi,m2,np6N; p6l,3; j4G/^j+«2 

)^j4,ni,mi+m2-ni-n2i,j6,n3,n2 /,/,("3) / I \(mi)/ 2 \(m2) 3 \~ fzl 1 y"! 

^il,ji;i2,j2 '^4+^2j4;^3j3t-^4+^2+€3j5V^4jJ V^^2j2^ ^€3^3-1 " 

by (2.18), (2.43), (2.48) and (2.54). So (2.62) is equivalent to 

}^ / n2 \\j4,n2,m2 \j5,ni,mi+n3-ni-n2 

m2Kmi + 713 - m - 712)! ^"^""^^ ^^■^■^'^^'^■^ 



\ ^ I f 'ii \\i4,ni,mi \ j5,'»2,m2+n3-ni-n2 

" ^ ^ mi!(m2 + n3-n2-ni)!^"3-"^^ 

j4e/«^+f3, ni,n2eN 



■V J4,ni,mi+m2-ni-n2 \ J6,n3,n2 / j -i o\ 



for £p e Z2, jp G /p and mi, m2, ns e N. 

On the other hand, we can do some changes of indices and combinatorics on (4.11) as 
follows. Changing ^2 to ^3 in (4.11), we have 

Y: r-T^n^m, - 1) ... (mi - p + i)Ai:-^--A-;— - ^ 

_(_l)^i€2 ^ (n3-ni+p)m2{m2-l)---{m2-p+l) 

= ^ (-l)"i(m2 +p) . . . (m2 +p - ni + 1) 

i4e-ffi+£2' 

/mi \ \i4,ni,m.i-p \ j5,n3,m2+p-ni -i q\ 

U )'^(-uh-M,32 '^^1+^2J4;^3J3 • l^^.iyj 

Then we change p to rii + ^2 — in the first two summations and p to rii + ^2 — m2 in 
third summation and obtain 

(ni+n2-n3)^l(^l - 1) ... (mi + rig - Tli - 712 + 1) 

\i4,n2,m2 \i5,".i,mi+n3-ni-n2 _ /_i \£i£2 \ ^ ( n2 \ 

^^2j2;^3j3^^lJi;«2+«3j4 ^ ^) Ul+n2-n3^ 

i4e/^j+«3, ni,n2eN 
1\ ('rio-Ln Ti r) I 1 ^ \J4i"2,nii A J6,ni,m2+n3-ni-n2 

m2(,m2 - ij . . . (^m2 + ns - ni - n2 + ^)^i^,jr,i3,j^>^i2,32-A+h,H 

— \ /' i„ ^ ('n -LiV "^1 \ \i4,ni,mi+m2-ni-n2 

- l^-l + ?^2j • • • 1^2 + ^)Kni+n2-m2)\i,jv,t2,j2 

j4e/<^+<2, ni,n2eN 

Ai?fl^X;.3.3- (4.20) 
Moreover, we exchange ni and n2 in the second summation and get 

Y^ {n,+nl-n3)^l{^i - 1) ... (mi + 713 - ni - 712 + 1) 

j4e/£2+*3' "iii^zeN 

)^j4,n2,m2 \ j6,T»l,fni+n3-ni-n2 _ /-I \^1^2 \ ^ / m \ 

^^2J2;^3J3^4J1;«2+4J4 ^ ^) Ul+n2-n3^ 

i4G-''<'i+£3, ni,n2eN 

m /'m I") /'-m _l_ n n n I 1 ^ \i4,ni ,mi \ jB,«2,m2+n3-ni-n2 

m2(m2 - 1) . . . (m2 + 7i3 - 7ii - 7i2 + ^)>^h,n;t3,33^t2,j2-A+i3,j 



J2 i-^rini + ^2) • • • (^2 + i)(n,+r-^2)Afc;i^;r^^"^^-"^-"^ 



liJ4 

,mi 

;^2j2 



j4e/£^+f2> ni,n2eN 

\ j5,n3,n2 //I 91 \ 

'^^l+^2j4;^3j3- (."^.^-^J 



no 



Furthermore, we rewrite (4.21) as 



\n3-n1) / ^ _|_ ^ ^ _ ^^\\ ^2,j2;e3,j3^h,ji;e2+e3,j4 

_(_-\\h^2 \ ^ ( ni \ \j4,ni,mi \j5,n2,m2+n3-ni-n2 

j4G/£^+£3, ni,n2GN 

^ ^_-^^ni (ni + n2)!mi! 



n2!(mi +m2 -ni -n2)!(ni +n2 -7712)! 

\ j4,ni,mi+m2-ni-n2 \ j5,'T-3,n2 //( ooN 

^^lJi;&J2 ^^l+^2J4;^3j3- ^^-^^^ 

Dividing (4.22) by mi!m2!, we obtain 

]^ / 712 \\34-,n2,m2 \j5,ni,mi+n:i-ni-n2 

msKmi + 713 - ni - 712)^"'""'^ ^2^214^3 ^i,ii;^2+4j4 

j4e-f^2+^3, ni,n2eN 

E(_-i)eie2 
V / / ni \\j4,ni,mi \ J5,n2,m2+n3-ni-n2 
7ni!(7n2 + 7l3 - 7li - 7l2)r"'""'^ ^iJi;^3j3 ^2j2;^i+^3J4 

j4e/ij+£3, ni,n2eN 

(-l)"i(7li+7l2)! 



• 7l2!(7?7i + 7772 - 7li - 7l2)!77l2!(7li +712" 77l2)! 

\j4,ni,mi+m2-ni-n2 \j5,n3,n2 

^h,h-/2,h ^^l+^2,,74;^3j3 

_ {^^T^ tni+n2\ 

^ n2!(772i+m2-7Zi-7l2)!^ ^ 

\j4,ni,mi+m2—ni—n2 \j5,n3,n2 /a no\ 

^^lji;^2,j2 ^«l+€2j4;«3j3' 

which is (4.18). Thus (1.4) is equivalent to (2.62) when (1.3) holds or equivalcntly H in 
(4.12) is skew-symmetric. We summarize the above results as our main theorem in this 
section: 

Theorem 4.1. Let R be a 'Z2-graded free C[d]-module over its 1>2-graded subspace 
V and let Y~^{-,z) : V LM{V, R[z~^) be any given linear map satisfying (4-1)- We 
extend Y~^{-,z) to a linear map Y^{-,z) : R LM{V, R[z''^]) by (4.2) and (4-3), and 
define a matrix differential operator H by (4-12). Then the family {R,d,Y^{-, z)) forms 
a conformal superalgebras if and only if H is a Hamiltonian super operator. 

Remark 4.2. (a) In [GDo], Gcl'fand and Dorfman classified a certain type of Hamilto- 
nian operator by introducing a certain algebraic structure. Balinskii and Novikov [BN] de- 
termined certain Poisson brackets of hydrodynamic type by the same algebraic structure. 
This coincidence is essentially a special example of our correspondence between the Hamil- 
tonian superoperator H of the form (4.12) and the conformal superalgebra {R, d, Y^{-, z)) 



determined by (4.2)- (4.4). If R is not a free C[9]-module over any subspace, we can estab- 
lish the analogous correspondence by introducing Hamiltonian superoperators associated 
with certain quotient modules of A, whose kernels naturally correspond systems ordinary 
differential equations. 

(b) There is a special case in which we can still estabhsh a direct correspondence. An 
element v E Ro of a conformal superalgebra {R, d, Y~^{-, z)) is called a central element if 

dv = 0, Y+{u, z)v = for ueR. (4.24) 

For a central element v, we also have 

Y^{v,z)u ^0 for M e -R 

by (1.3). Let {R,d,Y'^{-, z)) be a conforma superalgebra such that 

R^C[d]V®Cl, (4.26) 

where F is a Z2-graded subspace of R, C[d]V is a free C[9]-module and 1 is a central 
element. Let {qj G /j} be a fixed basis of for i e Z2, where Ii and I2 are index sets. 
We write 

00 

Y^,,,,„z),,,,, = Yl ^i^Z^n-M.^ + E >^'l^.,n^''^^^^^^.n)^~'^~" (4-27) 

jae/^i+^j, "leN n=0 

for £1, ^2 e 2,2 and jp G li^, where I^Ti,ji;e2,j2^ ^h?ji^2,j2 ^ define a matrix differential 

operator H : VLq ^ Qq as follows: for v G f2o, 

t2&2,32eh2'3S&hi+t2'nm 
00 / rl \ ^ 

+ T.^]^k3.^^Ljii) (4-28) 

m=0 ^ ^ 

for ii G Z2 and ji G /^j. Then it can be proved that if is a Hamiltonian superoperator. 
Conversely, a Hamiltonian superoperator H of the form (4.28) determined a conformal 
superalgebras through (4.24), (4.26) and (4.27). 

(c) Let ^ be a Lie algebras with an invariant symmetric bilinear form (•,•). Let 
Ri — {0}, y = ^ in (4.26) and the map Y'^{-, z) is determined by 

Y+{u,z)v ^[u,v]z~'^ + {u,v)lz~'^ foru,veg. (4.29) 

OA 



(4.25) 



This is a conformal algebra generating affine Lie algebra. Let {^j e /} be a fixed basis of 
Q and write 

fei'<^j2] = X1^J1J2<^.73> /^jij2 = fei,<?j2) forji,j2e/. (4.30) 

Let Ji = and J = Jq in Section 2. We denote ipoj — ipj for j e /. Then the corresponding 
Hamiltonian operator H is given by 

H{u)n = Xl^-^iLii^ia^ia + I^j2,hid/dx){uj,)) (4.31) 

for u & flo = fl. 
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